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A (p,q) VERSION OF BOURGAIN’S THEOREM
JOHN J. BENEDETTO AND ALEXANDER M. POWELL

ABSTRACT. Let 1 < p, ¢ < oo satisfy % + % = 1. We construct an orthonormal
basis {b,, } for L2(R) such that A, (by,) and Aq(a) are both uniformly bounded

1
in n. Here Ax(f) = infocr ([ |z — a|*|f(x)|?dz) 2. This generalizes a theorem
of Bourgain and is closely related to recent results on the Balian-Low theorem.

1. INTRODUCTION

Given a square integrable function f € L%(R), we formally define the Fourier
transform of f by
/f 727rzt'ydt

where integration is over the real line R. The uncertainty principle in harmonic
analysis is the general statement that a function and its Fourier transform cannot
both be “too well localized”. For example, Heisenberg’s inequality states that if
f € L%(R) is of norm one, then

1 ~

(1) L <amach.
Here A(-) is defined by

(12) n=([r-unpisora) .

where

(1.3) u(f) = / A ()2,

For an overview of recent mathematical work on the uncertainty principle we refer
the reader to [ES], [B1], [HIJ].

This paper deals with how the uncertainty principle constrains the time and
frequency localization of the elements in an orthonormal basis for L?(R). We gen-
eralize a theorem of Bourgain on the construction of orthonormal bases which are
uniformly well localized with respect to the (¢2,~%) weights implicit in (LI)). We
consider the more general class of non-symmetric weights given by (¢*,~%), where
1,1
Lylon
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2. BACKGROUND

2.1. The (t2,7?) weight. The Balian-Low theorem [Ball, [Lol, [G2] is the classical
example of an uncertainty principle for orthonormal bases. If, for a given f € L?(R),
we define the Gabor system, G(f,a,b) = {fmn : m,n € Z}, by

(2.1) frn(t) = T f(t — na),

then the Balian-Low theorem states that when G(f,1,1) is an orthonormal basis
for L2(R) we have

(2.2) [iisora=cc o [RPIfPa = oc.

In particular, either A(f,,n) = A(f) = oo for all m,n € Z or A(f;\n) = A(f) =
oo for all m,n € Z. Thus, if a Gabor system forms an orthonormal basis for
L?(R), then its elements either have uniformly poor localization in time or uniformly
poor localization in frequency. The Balian-Low theorem is true in much greater
generality than above; e.g., [DJ], [GHHK], [BCM], [GH].

A recent result due to the authors together with W. Czaja and P. Gadzinski
shows that the (¢2,72) weights used in ([Z2) cannot be significantly weakened.
In [BCGP] it was shown that there exists f € L?*(R) such that G(f,1,1) is an
orthonormal basis for L?(R) and such that, for each d > 2,

1+ [t 2
(2.3) /710gd(|t| gl OPa <
and

1+ |7|2 iy 2
(2.4) /ﬁﬁgjgfwhh<w

In view of this result and the Balian-Low theorem, it is natural to ask what
happens for general orthonormal bases, i.e., those which are not necessarily Gabor
systems. Namely, can a general orthonormal basis have “uniform” localization with
respect to the (t2,+2) weights? This question was first posed by Balian [Bal] and
answered by Bourgain [Bou| in 1986.

Bourgain showed that given any e > 0, there exists an orthonormal basis {b,
n € N} for L?(R) such that

(2.5) vneN, A(b, )_the and A(b“)g27+e

This basis is uniformly localized with respect to (#2,72) in the sense that the
A(by,) and A(bAn) are uniformly bounded. To put this in perspective, note that
there are ¢ € S(R), the Schwartz class, which generate wavelet orthonormal bases,
{¥mom : m,n € Z}, for L(R) [LM]. Since 1 € S(R), each A(¢) and A(¢y, ) is
finite. However, these variances are not uniformly bounded for any wavelet system,
although their product may be; e.g., see [B1].

_ 21/4677rt2

The constant ﬁ in (Z3) is significant since g(t) implies A(g) =

Ag) = ﬁ Moreover, it is well known that this choice of g gives equality in

(@I, i.e., the Gaussian is a minimizer for Heisenberg’s inequality. Thus, each
of the elements in Bourgain’s basis is almost optimally localized with respect to
Heisenberg’s inequality.
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2.2. The (t?,~79) weights. The three results in the previous subsection give in-
sight into the limits of the uncertainty principle for the ¢ and 42 weights. Our
investigation in this paper deals with the more general weights t? and v?, where
% + % =1land 1 < p,q < co. In this setting, one has the following analogue to
the Balian-Low theorem which follows from work of Feichtinger and Gréchenig.
Suppose € > 0, f € L2(R), and G(f,1,1) is an orthonormal basis for L?(R). Then

(2.6) / Pl Pdt = 00 or / [+ [G() 2y = oo.

This result is proven by combining Theorem 4.4 of [FGI] and Theorem 1 of [G1].

As in the case (p,q) = (2,2), we proved that Gabor bases are possible if the P
and 79 weights are weakened slightly. In particular, it was shown in [BCGP] that
there exists f € L?(R) such that G(f,1,1) is an orthonormal basis for L?(R) and
such that, for every d > 2,

1+tP 2
(2.7) /logd(|t| gl OPa <
and

L+ 2 e
(28) | et Fora < o

2.3. Statement of the main result. In view of the results in the previous sub-
section, we now consider the question of whether or not there is an analogue of
Bourgain’s theorem for the weights (¢7,~v?). The following definition provides an
appropriate generalization of A(:).

Definition 2.1. Given f € L?(R) and X > 0, we define

Ax(f) = infacr ( / It — a|*f(t>|2drf)é :

It is easy to verify that when A = 2 and || f||12(r) = 1, this definition agrees with
the one given by (L2) and ([L3]). Let C°(R) be the space of compactly supported,
infinitely differentiable functions on R. We now state our main result.

Theorem 2.2. Assume 1 < p,q < oo, where %—i—% =1. Fize >0 and ¢ € C°(R)
with ||@||2w) = 1. There exists an orthonormal basis, {b, : n € N} C C*(R), for
L?(R) such that

(2.9) VneN, Ab) < </ |t|p|<p(t)2dt> be=Cpypte
and
(2100 VneN, A< ( / 7|q|$(7)|2d7> fe=Cpyte

For perspective, let us mention that Cowling and Price [CP] proved analogues
of Heisenberg’s inequality for the (¢t?,~v7) weights. Their results are quite general,
but as a special case one has that if 1 < p,q¢ < co and % + % =1, then there exists

a constant 0 < K, , such that for all f € L?(R) of norm one there holds

~

(2.11) Kpq < (8,017 [Ag(F)]5.
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Our main result, Theorem [2.2] allows one to construct orthonormal bases whose ele-
ments are almost optimally localized with respect to the Cowling-Price uncertainty

principle, (Z.IT)).
3. PRELIMINARY LEMMAS

In this section we shall state several lemmas which will be needed to prove
Theorem 2.2

3.1. Decay rates of inverses of matrices. Theorem B2 relates the off-diagonal

decay of an invertible matrix to the off-diagonal decay of its inverse. The results

are due to Jaffard, [J], and have been further studied and simplified by Strohmer

in [S]. We also note that Bourgain implicitly made use of similar implications in

[Bou|]. For example, see the transition between equations (2.11) and (2.12) in [Boul.
The following definition appears in [J].

Definition 3.1. Let A = (A, »)m, nez be a matrix, where the index set is Z = Z, N,
or {0,---,N —1}. Fix s > 1. We say that A belongs to Q; if the coefficients A4,, ,

satisfy

3C > 0 such that Ym,n € Z, |Annl < #
’ (14 |m—n|)*

We say that A belongs to & if
3C > 0 such that Vm,n € Z, |Apn| < Ce sIm=nl

Theorem 3.2 (Jaffard). Let A : [*(Z) — [*(Z) be an invertible matriz, where
I=7Z,N, or{0,---,N —1}. Then

AcQ, — A leQ,
and

Ac& — A teg,,
for some 0 < s’ < s.

The case Z = {0,1,2,--- , N—1} should be interpreted as follows. We quote from
[S]: “View the nxn matrix A, as a finite section of an infinite dimensional matrix A.
If we increase the dimension of A,, (and thus consequently the dimension of (A4,)~!)
we can find uniform constants independent of n such that the corresponding decay
properties hold.”

Let us next comment on the constants which arise in Jaffard’s theorem. We

restrict ourselves to the case Z = {0,1,--- ,N — 1}. Suppose that the Ay are
sections of the infinite matrix A, and that

C
| <
L+ ]j— k|
Further, suppose for simplicity that there is a fixed 0 < r < 1 such that
VN > 1, By = Iy — Ay satisfies || By|| < r < 1,

where Iy is the N x N identity matrix. Jaffard’s theorem then says that there
exists C’ such that

3C > 0 such that VN > 1 and V j,k € Z, |An(J, k)

Cl
<—=
L+1[j =kl
The constant C’ depends only on r,s, and C. The proof of this assertion can be
obtained by examining Jaffard’s proofs [J].

VN >1andVjkeZ, |Ay'(j,k)
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3.2. A simple lemma.
Lemma 3.3. Fiz ¢ € L*(R) and 1 < q < co. If [ |7|9]p(7)|?dy < oo, then

3 q
B [ niletPa s+ (3) [ pirleePa
R\[—2N,2N]
holds for all N > 0.

Proof. First note that
2N
/ e NPy < BNl ey

Next note that 2N < v implies |y 4+ N|9 < (%) |fy|q. Thus

° 3
[ e nmepar < (3) [ pieora:
2N
Likewise,
—2N ) 3 —2N
[ hniePa < (3) [ st
— 00
This completes the proof. O

4. FINITE, ORTHONORMAL, WELL LOCALIZED SYSTEMS

Lemma 4.1. Assume % + % =1, where 1 < p,q < co. Fize >0 and ¢ € CZ(R)
with ||¢||L2w) = 1. There is K((p,q),¢€,¢) such that for each K > K((p,q),¢€,¢),
there exists an infinite orthonormal set So = So(K, ) = {sn}o>y C C°(R) satis-
fying

(4.1) supp s, = supp ¢ C [-K/2,K/2],
(4.2) (/ |t|p|sn(t)|2dt> "< (/ t|p|gp(t)|2dt> Ches Cpp + 6
and

ay  ([h- nmqmmﬁdw)é <(/ wwwdvf Fe=Cppte

form=0,1,2,---.

Proof. Throughout the proof, C' will denote various constants which are indepen-
dent of K. C may depend on (p,q), e, and N, all of which are fixed throughout
the proof.

i. Let € > 0 and let ¢ € C°(R) have L?(R) norm one. We may assume ¢
satisfies

(4.4) |@(7)| < Wa

where N > 4q, N € N. Now define
@](t) = eQﬂ-int(p(t)) .] = 07 1a 2) Tty

where K is a sufficiently large integer which will depend on (p, q), ¢, N, and €. We
shall specify how large to take K during the proof. Next, define

(4.5) ho(t) = ¢o(t)
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and

n—1
(4.6) ha() = n(t) = Y angei(t), n=1,2,-,
j=0

where the a, ; are chosen to make h,, orthogonal to {¢; ?;01. This choice of a, ;

implies that, for all 0 <[ <mn — 1,

n—1

<§0na <Pl> = Z An,j <(p]a ‘Pl>
7=0

Rewriting this in matrix form, we have

Ga =g,
<§0n717 <Pn71> <(Pn727 ¢n71> cee <<P07 <Pn71>
where (@ — | (Pn-1:®n-2) (Pn-2,0n-2) - (po,Pn-2)
<90n717¢0> <§0n727@0> T <Q007(p0>
An n—1 <90n7 cpn—1>
a= || and = | P
an,O <(Pna (P0>

Note that these matrices all depend on n, but we shall usually suppress this for
economy of notation. When we wish to emphasize the dependence on n, we shall
write G = G,,.

ii. First of all, observe that G is an invertible matrix since the finite set {¢; ?;01
is linearly independent by Proposition 1 of [HRT]. In particular, one also has that
{an,; }?:_01 is uniquely determined.

To apply Jaffard’s theorem, we also need to know that the spectrum of G = G,,
stays uniformly bounded away from 0 independent of n. Note that the matrix G
is a Toeplitz matrix, and by ([£.4) it has polynomial decay of order N off the main
diagonal. In fact,

C c
< < .
‘*1+KN\j—k|N*1+|j—k\N

(4.7) IG(, k)

For K large enough, the first inequality of [@7) implies G = G,, is diagonally
dominant and has spectrum uniformly bounded away from 0.

iii. By Jaffard’s theorem, G~! has the same type of decay off its main diagonal
as GG, namely,

C

G, k)| € ———.
€76 MI < T

Also, the comments after the statement of Jaffard’s theorem ensure that C' is inde-
pendent of K.
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Therefore, noting that a, ,—_; is the j-th element of the vector a,

‘ann ]|<Z|G .]7 Hgl‘—Z|G || Pny Pn—1— 1>|

C C
<
—;<1+|jl|N) (1+KN|Z+1N)

n—1
C C
<
- lz:: L+ =1~ (KN(Z+1)N>

1 1
(L= UM T+

S
< (L4 1+ 1) = N) 1y

To see the last step, first note that

Z T S <1+|J+1|N ZzN
1<i<itt
Combining this with a similar estimate for the remaining range of summation gives
the desired inequality.

Thus, we have

C
(4.8) |an, ;| = lann—(n—p| < KNln—j + 1]V
1. Observe that
n—1 n—1 ntl
C 1 1 C’
4. n T _ - 1L 1IN N KN
(4.9) jzo|“,ﬁ|—KNZ|n j+1|N*KN;N KN

Combining this and (L)), we can estimate the localization of the h,(t).

(/ |t|phn<t>|2dt>% <(/ |t|p|son<t>|2dt)é +§|an,j| (/ t|p|saj<t>|2dt)%
= (Jrreora) + (ot ([ 1rieora)

=0

< ([ rto 2dt) + e ([ 17160 2dt)

Thus for K large enough,

(4.10) [Pt < Cpp + 5

holds for alln =0,1,2,---.
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v. We now estimate the localization of the a(t):

([1n- P

1
1 n—1 2

< ([ = nnttpt —nmopa) ([ b=kl Y a6 - K0P

3=0
bt :
< ( / wwwn%) 3 Jans) ( [ K- j)lqlﬁ(7)|2d7> |
=0

Using ([&38) and Lemma [33] we have

n—1 %
S Jan| ( [r-K@ —j)qlﬁ(v)Ide)
7=0
n—1
< Z |an,;
7=0

{IK(H = DIz @ + (3/2)7 / |7|€5(7)|2d7} )

= / s~ In—j]v?

/2 e 51a/2 a/2 =~

< CKY2 Y Janglln =% < CK* Y g =2
J=0 =0

< C

S KN—q2

Thus, combining the above with K large enough gives

1
— z €
(4.11) ([1n=nxrmera) < oot s
foralln=0,1,2,---.
vi. It remains to normalize the h,,. First note that
n—1 C n—1

1 Cc1_c¢
= P < nil S TN 2T 1N S KN 2N T KN
e HH(RF;W dl KN;\TL—J+1|N KN;JN KX

so that
C
1= lenllrz@ < lhnllrz@) +1lhn = ¢allr2@) < llhall2@ + 45
and
C
[hnllL2@®) < ll@llzz@) + |1hn — enllrzm <1+ TN
Thus we have
C C
(4.12) 1- KN < Mhallpzw) <1+ KN

Finally, let s,(t) = hn(t)/||hn||L2(r). Taking K large enough and combining
(#10), (EII), and [(EI2) now shows that that ({2) and (£3) hold. O
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Lemma 4.2. Assume % + % =1, where 1 < p,q < co. Fiz e >0 and ¢ € CF(R)
with |[¢||r2®) = 1. Fizr K € N sufficiently large. For each T > 1 there exists a
finite orthonormal set,

S =S(T,K) = S(T,K,¢) = {syn : 0 <m < [T¥9],0 <n < |T?/?]} € CZ(R),
of cardinality | T?/?||T?/1] < T? satisfying

(4.13) SUPP Smon C |:%T2/P, 2T2/PK] ,
1
(4.14) (/ |t — Kn — T(Q/P)Kp|sm,n(t)|2dt) i < Cpp +e,
and
3
(4.15) </ Iy — KmIQI%(V)IZdv) < Cgpte

for all0 <m < [T?/9],0 <n < |[T?/?|. Here Cp,, and Cy, are defined as in the
previous lemma.

/a|_
Proof. Let {sm}giOqJ ! be defined using the system from the previous lemma.
Define
Smm(t) = st —nK —THPEK) for 0<m<T?? and 0<n<T?P

Now, (£I4)) and (@IH) hold by the previous lemma. Since K was chosen large
enough so that supp ¢ C [-K/2, K/2], it follows that

SUDD Sy © [nK FTYPK — K/2,nK + TYPK + K/Q] ,

so that all the s, , are supported in
1
TP K — K)2,(T*? — 1)K + TYPK + K/Q} c {2T2/p, 2KT2/”] .
U

Lemma 4.3. Fiz e > 0 and ¢ € C°(R). There exists a constant C such that for
each S(T, K) as in the previous lemma and for every ® € span S(T, K) and each
0<y< T2/9K one has

(4.16) / by — yl[B () Py < ORI | gay

Proof. i. First note that

272/ K
/ 2 [y =yl @(y)Pdy < 3IKIT?||D|[75g)-
—2T2/9a K

ii. Recall that
span S(T, K) = span{@mn : 0 <m < [T?],0 < n < |T¥?|},
where
Omm(t) = 2™ KMot —nK — TYPK).
Next, note that for K large enough, {@m, : m,n € Z} is a Riesz basis for

its closed linear span. To see this, it suffices to show that {g., ., : m,n € Z} =
G(p, K, K) is a Riesz basis for its closed linear span. Using Theorem 9 of Chapter
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1, Section 8 in [Y] this is equivalent to proving that the Gram matrix G; 1), (1,m) =
(9; .k, 91,m) defines a bounded positive operator on I2(Z x Z). Since ¢ € S(R) one
may directly verify that the Gram matrix is positive and bounded for all large
enough K. In particular, for K large enough one can use Schur’s test (see Lemma
6.2.1 in [G2]) to show that M = G — I satisfies ||M|| < 3, where I is the identity
matrix, and || - || denotes the operator norm induced by the [?(Z x Z) norm. Hence
there exists Ky such that for all K > Ky, {¢mn} is a Riesz basis for its closed
linear span.

By the definition of Riesz basis there exist 0 < A < B < oo such that for each
finite sum @(t) = > dim n@m.n(t),

(4.17) A dmnl* < 112132 < B ldmn

For us the constants A, B can be chosen independent of T" and K. To see this, first
note that the proof of Theorem 9 in Chapter 1, Section 8 of [Y] shows that one may
take B = ||G|| and A = ||G7!||7!, where G is the Gram matrix defined above. A
direct calculation with the Gram matrix shows that since ¢ € S(R), the norm of
the Gram matrix and its inverse approach 1 as K — oo.

We may conclude that there exists C', independent of T' and K, such that for
each ® = > d,, nom,n € span S(T, K),

2

(4.18) (D dmal?)” < ClI@Ilp2ge).

Here, and below, sums are over 0 < m < |T%/1],0 <n < [T?/?|.
i75. We need to show that

(4.19) Lo =) Py < KT e
2 q

iii.a. First note that since 0 < y < T?/9K, we have

1 1
[e'e) - 2 oo A 2
(4.20) (/ Iy — y|q|¢>(v)l2dv> < (/ vl"l@(v)2dv> :
27T2/9K 27T2/9K

i11.b. To estimate the right side of (£20) we begin as follows:

1
00 =R 3 o
(/ qu@(v)lzdv) =
2T2/a K 2T2/9 K
o — 2
= 7;1 ‘dm7"| </2T2/qK |’y“1 “Pm,n(’}/)’ dﬂ/)
* !
— 2
< Nl 222 (/ M [Fa () dv)
w3 ([, e

(4.21) S ( s

m,n T2/1K

dy

> dm P (7)

2

— 2 %
o ()| dv) .

Next note that
(4.22) [P ()] =[Gy — Km)].
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Thus,

o0 3 o0 3

— 2 ~

Z(/ 7 || dv) =Z(/ Ivl"lw(v—mK)de)
m,n 2T2/9 K m,n 2T2/9 K

T, s
WS (/ Ivlqlsﬁ(v—mK)IQd“y)

= 2T2/9K

2

. : -
<7 ([ PR ra ) <7 ([ e )
1

[e'e) 2
< 72902 Wee)Pdy ) < —SE
- T2/9K = |T?/aK |

The final inequality holds since ¢ € S(R). Together with (Z2I]), this gives

1
o0 - 2 Ol®|| 2w
4.2 1D (y)|?d < =
(4.23) (/wmeh" ()l 7) < e

Combining (£20) and ([@.23)) yields (£19), as desired.

. It remains to show that

_or2/a
/ by = g8 () Py < CKIT?[0|2 .

— 00

This follows by calculations similar to those in part 4ii. The proof is complete. [J

5. A (p,q) VERSION OF BOURGAIN’S THEOREM

We are now ready to prove our main result, Theorem The proof follows
that of Bourgain [Boul, which, in turn, depends on an idea of W. Rudin [R] used
to construct certain orthonormal bases for H2(B), where B is the unit ball of C™.

Proof of Theorem 2.2l Throughout the proof C' will denote various constants which
are independent of n, T,,, K, ©, and any indices.

Let {fn}nen € C2°(R) be a sequence which is dense in the unit sphere of L?(R).
Let € > 0 and ¢ € CX(R) be given. Let K be sufficiently large to ensure we
may use Lemma applied to 5. The orthonormal basis we construct will be of
the form (J;2 ; By, where B, is a finite orthonormal subset of C°(R). We shall
construct the B,, inductively.

i. Suppose B1,-- -, B,_; are already defined such that B; is a finite orthonormal
subset of C°(R) and the elements of U;l;ll B; are mutually orthonormal. Define
Fn = fa—Pp, ... B, | fn, where P, .. g _is the orthogonal projection of L?(R)

onto
n—1

[B1,- - ,Bp_1] = span U B,.
=1
For the base case of the induction we simply let F; = f;. Using F;,, we now prepare
to construct B,,.
i.a. Note that

(5.1) |1 Enllfe@) <1
because F, L Pp, ... B,—1)fn and || fol[z2®) = 1.
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i.b. Since f,, and all elements of the B; are in C¢°(R), it follows that F,, €
C(R).
Choose T;, > 2 large enough so that

T2/p Tz/q 1
(5.2) M L
T2 4
1 2/p 1 2/p
(5.3) supp F,, C —§Tn ,=TP|,
(5.4) supp b C [JTW 1TZ/P] forall be Dl B,
N pp = 2 n 72 n J
j=1
and
— T,
(5.5) vy > 1, / 91 F () [Py < — 2,
R\[~2y,2y] L4 |y

where we have used the fact that F), € SR) (F,, € CE(R)).
1. Let
S =8(Tw,K)={s},:0<j < |T{*?] and 0 < k < |T*/9 ]}
be the system from Lemma applied with § instead of e. We shall switch from

the double indexing (j, k) to single indexing, and enumerate the elements of the

2/ 2/
system as {sf}}ﬂ YU T84, 1y are the indices for which it =87 1, let

z(st) = Ky + TP K and y(gf) = Kls,
so that by Lemma

1
59 ([1e=asppisperia)” <y, + 5
and
1
(5.7 ([1n-s@rEekn) < cppt s,
Note that
(5.8) TEPK < a(sp) <2KTZP and 0 <y(sh) < KT2/9,

Let 0 < © < i be sufficiently small and be fixed throughout the proof. We
shall be more precise later about how small to take ©. For now, note that K
is fixed throughout the proof, so that ® may depend on K (but not 7,). Let

vp = |T2/P||T2/%). Now define
by (t) =

by (t) =

©
T—nFn(t) + an,187 (1)

© " n
T—Fn(t) + op18T () + an2ss(t)

n

(C]
bﬁn (t) = T_Fn(t) =+ Un,ls?(t) + Un,vn,—lszn—l(t) + O‘n,unsgn (t),

n

where the 0, ; and «,, ; are chosen to ensure that {07}, is orthonormal.
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it.a. The choice of 0, ; and v, ; implies that

©
(5.9) 1—an;| < — for j=1,2,---,Tn

Ty
and

© . 2
(5.10) |an]\<T2 for j=1,2,---,T7—1.
To see this, first note that {F,,}US(Ty, K) is an orthogonal set. Therefore, {b7}";
being orthonormal implies that for [ = 1,2,--- ,T? we have
e? 2 2 2

(5.11) 0= ﬁHFnHm(R) top1t T o1t onin

and for [ =1,2,--- T2 -1

s

@2
(5.12) ol =1= Sl Fulfa —ony = = onp

i1.b. Using (511) and (5I2) we shall now prove (5.9) and (5I0) by induction.
The case j = 1 of (&9) holds since (512) implies

e’ 2 2
1= ﬁHFnHH(R) t o,

Since 2 < T,, and © < i, we may choose 0 < o, 1 < 1. Therefore,

0?2 (C]
|1 _an71‘ S ‘1 _ai,1| < T2 S T

Using this, the case j = 1 of (B.10) now follows since, by (B.ITI),

0= ﬁHFnHQL?(R) T an10n1,

which implies
|U 1| < ®_2L @_2; < g
YT Tapal T TR (1-6/T,) T T
The last inequality holds because O <7 Land T,, > 2.
it.c. Next, assume |o, ;| < T2 holds for 7 < I. We may once again choose

0 < ay, < 1. Since the cardinality of S(T},, K) is at most T2,

2

2 2
11— an <[1-aj +Za,],—+T2@ <22 9

n,ll —=

and (B5.9) follows by induction. For (BI0), assume that |0, ;| < TQ for j <l and
|1 — | < 7. Thus,

1 62 1 62 e
<~ [ 2R, - (22 )<=
< T \ 72! "“@“*Z” 1@/T><T> T2

and (B.10) holds by induction.
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iti. By (0.9) and (5.I0), we know that o, ; is close to zero and ay, ; is close to
one. Thus, we expect to have b} close to s7. In fact,

n n S
(513) ||bj _8j||L2(]R) S?)T—n

To see this, note that by (5.9) and (5-10)
165 — s3Il L2y < (15 — an,;s5 |2 @) + 1 — an

n S
< Hbj n,j j||L2(]R)+_
e
2
( |F||L2 +Z|O’nk|> +T_n

o2 e\\* © _©
< T2 — < 3—.
(7 (225)) +2 <31

1. Let us now prove that

(5.14) </ |t — a(s7)|P|s7(t )|2dt> +CK??0 < Cpy+e

Using (5.8), (2:I3), and the fact that the b} are supported in [—%Tﬁ/p,ZTﬁ/pK]
(since F}, and s, ; are), we have

< / |t—ac(s?)|p|b§-1<t>l2dt)é
<(/|t_x(8?)|p|b?(t) |dt> (/n_x |P|S()|dt>

1
2
< RT2PK 1+ 2K TP — 87 + ( [ - x<s§>|p|sy<t>|2dt)

1
2
< CKP/QTnIIb? — S?HL2(R) + </ [t — x(s?)p|s;(t)|2dt>

< CK??0 + </ It — x(sy)|p|s;(t)2dt>
Assume © was chosen small enough to ensure COK?/? < £. Thus, by (5.6) we have
(5.15) A7) < Cpp + CKPPO < O,y +e.
v. Here we shall prove that
1
—~ o - 2
Ag (b)) < ( / Iy = y(s?)|Q|sy<v>|2dv> +COKW? < Oy +e.

v.a. First we show that

(5.16) (/ b=yl Fala) cw)égcemm
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This follows from (&.3)), (58)), and Lemma B3

U e (3/2)T,,
=y Py < 32y () | Pl ey + —
[ : AT

< CT?K?+CT, < CT?KY.

v.b. Next, we show that

Nf=

—_— o~ _ o ~
(/ v =y (I3 (7) = 57 () = T_Fn(wIde) < COK/?).

Let U(y) = l;z‘('y) 72?(7) - T%ﬁ';('y) Note that ¥ is in the span of S(T,, K). Thus,

using (5.8), (510), and Lemma (43
\T2/7) 1T/ —1

/W—y(S?)Iq\‘I’(V)IQdVS CTIK Y| fom = CTRK" Y owal
=1

@2

2 2
corian (12

) = CK10%.

v.c. Combining the estimates from v.a and v.b we have

A < ( [n- y@)l"lb?(v)l%)%
< ([ - v@rigeta)

by — y @) () — T ()| d7>_

(
(
< ([r-vrEe %) ([ - v@rg Fe)
(
(

+

O —~

([ h=s@Ie) -5 0) - £ Fala) dv)

< /\7 y (s[5 ( )2dv> +OCKW? 4 oCK @/

= ([P + cort.

=

Assume © was chosen small enough so that COK%/? < 5+ Thus,
(5.17) Ag(b7) < Cop+ CK W20 < Oy + e

vi. Having shown that all the elements of B = U;’il b’ have the desired local-
ization, it only remains to prove that B is complete. To see this, note that, by (5.2))
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and the definition of F;,, we have
P53 frll 2@y = 1Py B frll T2y + 1P frl 22wy
= 1P, B il T2y + P50 (Fi + Pa, o B Fo) 72wy
=1 = ||FelI22ry + 1 PB FrllZ 2wy
LT P I
:1—\|Fk||%2(m)+ Z |<Fk»b§>|2

Jj=1

Ie) 2
— 1= el + LTI £ 1A e

> 1= [|FullZ2 (g + (©/2)%||Fillz2 g
> (0/2)%.
To see the final inequality, let h(t) = 1 — t? + a?t* be defined on [0, 1], where
0 < a < % is fixed. It is easy to see that h(t) > a®. Since ||Fy|/r2r) < 1 and
o< i, the last step follows.
Now, suppose y € L?(R) satisfies (y,b) = 0 for all b € B. If y is not identically

zero, then § = y/|y[|r2(r) is in the unit sphere of L*(R) and there exists f,, such
that f,, — ¢ in L?(R) as k — oo. Thus,

G .
0< 3 <Py, Boy) funllrz@ <P fallz@ — 1Bl @ =0,

where the limit is taken as k — oo. This contradiction shows that the orthonormal
set B is complete, and hence it is an orthonormal basis for L?(R). O
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